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The dual of Steenrod algebras

Actions and co-actions

Let A be a generalised cohomomoly theory, represented by a spectrum which we

also denote by A.

By Yoneda’s lemma, the set of self natural transformations on A is the self-maps

[A,A]∗ on A which is also the A-cohomology A∗(A) of the spectrum A.

For example, when A = H is the mod p ordinary cohomology, we get the Steenrod

algebra H∗H.

Dually, we have the dual co-action of A∗A on the A-homology, provided A is a

ring spectrum and A∗A is flat over A∗: for any spectrum X , we have the co-action

A∗X = π∗(A ∧ X )
id∧u∧id−−−−−→ π∗(A ∧ A ∧ X )

id∧m∧id←−−−−−∼=
A∗A⊗A∗ A∗(X )
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The dual of Steenrod algebras

Structure of the ring of co-operations

Let A be an E∞-ring spectrum, with unit u : S → A and product m : A ∧ A→ A.

Then we can construct the following maps involving π∗A = A∗ and

π∗(A ∧ A) = A∗A:

product: π∗(A ∧ A)⊗ π∗(A ∧ A)→ π∗(A ∧ A ∧ A ∧ A)
id∧shuffle∧id−−−−−−−−→

π∗(A ∧ A ∧ A ∧ A)
m∧m−−−→ π∗(A ∧ A).

left unit: π∗A
id∧u−−−→ π∗(A ∧ A).

right unit: π∗A
u∧id−−−→ π∗(A ∧ A).

co-product: π∗(A ∧ A)
id∧u∧id−−−−−→ π∗(A ∧ A ∧ A).

co-unit: π∗(A ∧ A)
m−→ π∗A.

conjugation: π∗(A ∧ A)
shuffle−−−−→ π∗(A ∧ A).

If π∗(A ∧ A) is flat over π∗A, then the following map is an isomorphism:

π∗(A ∧ A)⊗π∗A π∗(A ∧ A)→ π∗(A ∧ A ∧ A ∧ A)
id∧m∧id−−−−−→ π∗(A ∧ A ∧ A)
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The dual of Steenrod algebras

Hopf algebroids

We assume π∗(A ∧ A) is flat over π∗A from now on. Then (A∗,A∗A) forms a

Hopf algebroid, i.e. a groupoid object in the category of affine schemes.

Spec(A∗A)

left unit

source
xx

right unit

target &&
Spec(A∗) Spec(A∗)

Spec(A∗)

Spec(A∗A)

##

co-product

Spec(A∗)

Spec(A∗A)

;;

Spec(A∗A) // Spec(A∗)

Guozhen Wang (Shanghai Center for Mathematical Sciences) Dyer-Lashof Operations March 30, 2018 5 / 23



The dual of Steenrod algebras

The pairing of the Steenrod algebra with its dual

We can determine the formula for the pairing between the Steenrod algebra,

which is the cohomology of H, and its dual, the homology of H.

Consider the map

s : (Σ∞−1RP∞)∧n → H∧n → H

Which sends the class e2i1 ⊗ · · · ⊗ e2ik to ξi1 . . . ξik .

Recall that < s∗(x), y >=< x , s∗(y) > for any x ∈ H∗((Σ∞−1RP∞)∧n) and

y ∈ H∗(H).

So we get

< Sqi ((e∗1 )⊗k ), e2i1 ⊗ · · · ⊗ e2ik ) >=< Sqi , ξi1 . . . ξik >

and the Cartan formula implies that

< Sqi , ξr1
1 . . . ξ

rk

k >=

 1, if ξr1
1 . . . ξ

rk

k = ξi
1

0, otherwise
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The dual of Steenrod algebras

Action of the Steenrod algebra

The dual action of the Steenrod algebra can be determined by the co-product.

Recall that the action of the Steenrod algebra are determined by the formula

Sqi
∗x =< Sqi ⊗ 1, ψ(x) >

Sqr
∗ζi =

 ζ2k

i−k , if r = 2k − 1

0, otherwise
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The dual of Steenrod algebras

Odd primary case

For an odd prime p, we have

H∗H ∼= Fp[ξ1, ξ2, . . . ]⊗ E [τ0, τ1, . . . ]

ψ(ξi ) =
∑

ξpk

i−k ⊗ ξk

ψ(τi ) = τi ⊗ 1 +
∑

ξpk

i−k ⊗ τk
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Power operations

Power operations

Let A and E be E∞-ring spectra. Then A ∧ E is also E∞ and in particular we

have the structure maps

µn : Dn(A ∧ E )→ A ∧ E

where Dn(X ) = X∧n ∧Σn EΣn+ is the extended power.

Let x : Sm → A ∧ E be an element of AmE . We can construct the following map:

x̃ : A ∧ DnS
m id∧Dnx−−−−→ A ∧ Dn(A ∧ E )

id∧µn−−−→ A ∧ A ∧ E
m∧id−−−→ A ∧ E

For any e ∈ Ak (DnS
m), we can define the power operation Θe : AmE → AkE by

Θe(x) = x̃∗(e)
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The Dyer-Lashof algebra

The Dyer-Lashof operations

We consider the case when A = H is the Eilenberg-MacLane spectrum.

Recall that D2S
m is homotopy equivalent to ΣmRP∞m .

Let er ∈ Hr+2m(D2S
m) be the generator in degree r + 2m.

Define the Dyer-Lashof operations Qr , r ∈ Z to be

Qr (x) = Θer−mx

for x in degree m.

From the definition, we have

Qr (x) = 0 for r < m.

Qm(x) = x2.
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The Dyer-Lashof algebra

Cartan formula

Qr (xy) =
∑

i+j=r

(Q ix)(Q jy)

Adem relations

If r > 2s then

QrQs =
∑

i

(
i − s − 1

2i − r

)
Qr+s−iQ i

Nishida relations

Sqr
∗Q

s =
∑

i

(
2n + s − r

r − 2i

)
Qs−r+iSqi

∗

for any large enough n.
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The Dyer-Lashof algebra

Dyer-Lashof operations on the dual Steenrod algebra

Let ξ = t + ξ1t
2 + ξ2t

4 + · · ·+ ξkt
2k

+ · · · .

(Steinberg)

t−1 + ξ1 +
∑

s>0 Q
sξ1 = ξ−1.

Q2i−2ξ1 = ζi .

For s > 0, we have

Qsζi =

Qs+2i−2ξ1, if s ≡ 0 or − 1 mod 2i

0, otherwise

Q2i

ζi = ζi+1.
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The Dyer-Lashof algebra

The action of the Dyer-Lashof algebra on the dual Steenrod algebra can be shown

using the Nishida relations.

We recall the following proposition:

The following are equivalent for x , y ∈ A∗ with |x | = |y | > 0:

x = y .

For any P ∈ A∗, < P, x >=< P, y >.

For any admissible I = (i1, i2, . . . ) with |I | = |x |, SqI
∗x = SqI

∗y .

For any P ∈ A∗, P∗x = P∗y .

For any k ≥ 0, Sq2k

∗ x = Sq2k

∗ y .
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The Dyer-Lashof algebra

Computation of Q2i

ζi

By the Nishida relation, we have

Sq1
∗Q

2i

ζi = Q2i−1ζi = ζ2
i

and for k > 0,

Sq2k

∗ Q
2i

ζi =

(
2k + 2i

2i

)
Q2i−2k

ζi = 0

On the other hand,

Sq2k

∗ ζi+1 =

 ζ2
i , k = 0

0, otherwise

Hence

Q2i

ζi = ζi+1
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The Dyer-Lashof algebra

Proof of Nishida relations

The Nishida relation follows from the following computation of Steenrod

operations on extended powers:

Let X be a spectrum. Denote en ∈ Hn(BΣ2) be the generator. Then

1 H∗(X
∧2 ∧Σ2 EΣ2+) ∼= H∗(Σ2,H

∗(X )).

2 If x ∈ Hq(X ), then Sqr
∗(es ⊗ x2) =

∑
i

(
s+q−r

r−2i

)
es−r+2i ⊗ Sqi

∗(x)2.

To prove the Nishida relation, recall that Qs(x) = µ∗(es+q ⊗ x2).

Hence Sqr
∗Q

s(x) =
∑

i

(
s−r
r−2i

)
Qs−r+iSqi

∗(x).
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The Dyer-Lashof algebra

Steenrod operations on extended powers

Let X be a suspension spectrum.

We can consider the diagonal map

d : X ∧ BΣ2+ → X∧2 ∧Σ2 EΣ2+

From the definition of Steenrod powers, we can show that

d∗(er ⊗ x) =
∑

k

er+2k−s ⊗ (Sqk
∗x)2

So we get

er−s ⊗ x2 = d∗(er ⊗ x) +
∑
k>0

er+2k−s ⊗ (Sqk
∗x)2

The action of the Steenrod algebra on H∗(X
∧2 ∧Σ2 EΣ2+) can be computed

inductively using the Cartan formula and Adem relations.
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The Dyer-Lashof algebra

When X is a finite CW spectrum, we use the fact

X∧2 ∧Σ2 EΣ2+
∼= Σ−1(ΣX )∧2 ∧Σ2 Th(−γ)

where Th(−γ) is the Thom spectrum of the negative tautological bundle.

Then we can reduce to the case of suspension spectrum by considering ΣkX for

some k and use James periodicity:

Th(γn|Sm ) is Σ2-equivalently homotopy equivalent to Σ−2k

Th(γn+2k |Sm ) for some

large enough k depending on m.
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The Dyer-Lashof algebra

Another formulation of the co-action

We introduced the co-action as the map:

ψ : π∗(A ∧ A)
id∧u∧id−−−−−→ π∗(A ∧ A ∧ A)

π∗(id∧id∧u)⊗π∗(u∧id∧id)←−−−−−−−−−−−−−−−−
∼=

π∗(A ∧ A)⊗π∗A π∗(A ∧ A)

where in the rightmost, the left π∗(A ∧ A) is viewed as a π∗A-module via the right unit

and the right π∗(A ∧ A) is viewed as a π∗A-module via the left unit.

There is another formulation of the co-action:

ψ̃ : π∗(A ∧ A)
u∧shuffle−−−−−→ π∗(A ∧ A ∧ A)

π∗(id∧id∧u)⊗π∗(id∧u∧id)←−−−−−−−−−−−−−−−−
∼=

π∗(A ∧ A)⊗π∗A π∗(A ∧ A)

where in the rightmost, both π∗(A ∧ A) are viewed as a π∗A-module via the left unit.

This is the usual identification using the universal coeficent formula.

The two co-actions are related as

ψ̃ = switch ◦ (χ⊗ id) ◦ ψ
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The Dyer-Lashof algebra

Power operations and co-actions

Let B be another E∞-ring spectrum. Then power operations for A and B are
related the the following way:

A ∧ DnSm
id∧Dnx //

id∧u∧id

��

A ∧ Dn(A ∧ E)
id∧µn //

id∧u∧Dn(u∧id)

��

A ∧ A ∧ E

id∧u∧id

��
A ∧ B ∧ DnSm

id∧Dn(u∧x) // A ∧ B ∧ Dn(B ∧ A ∧ E)
id∧µn // A ∧ B ∧ B ∧ A ∧ E

id∧m∧id // A ∧ B ∧ A ∧ E

In particular, when A = B, we have the following formula:

ψ̃(Θe(x)) =
∑

i

(1⊗ χ(θi ))Θei (ψ̃(x))

where ψ(e) =
∑

i θi ⊗ ei .
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The Dyer-Lashof algebra

The coaction formula for the Steenrod squares

We can apply the general coaction formula for the case A = H, which is the dual

version of the Nishida relations.

Coaction on the homology of RP∞

Let ξ = t + ξ1t
2 + ξ2t

4 + · · ·+ ξkt
2k

+ · · · .
For en ∈ Hn(RP∞) the generator, we have∑

n

tnψ(en) =
∑

s

ξs ⊗ es

Hence we have:

Let ζ = t + ζ1t
2 + ζ2t

4 + · · ·+ ζkt
2k

+ · · · .∑
r

ψ̃(Qrx)tr =
∑

k

Qk (ψ̃x)(1⊗ ζk )
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The Dyer-Lashof algebra

Odd primary Dyer-Lashof algebra

For an odd prime p, we have the Dyer-Lashof operators Q i and βQ i .

Adem relations

If r > ps,

QrQs =
∑

i

(−1r+i
)

(
(p − 1)(i − s)− 1

pi − r

)
Qr+s−iQ i

If r ≥ ps,

QrβQs =
∑

i

(−1)r+i

(
(p − 1)(i − s)

pi − r

)
βQr+s−iQ i

+
∑

i

(−1)r+i

(
(p − 1)(i − s)− 1

pi − r − 1

)
Qr+s−iβQ i
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The Dyer-Lashof algebra

Odd primary Nishida relation

P r
∗Q

s =
∑

i

(−1)r+i

(
pn + (p − 1)(s − r)

r − pi

)
Qs−r+iP i

∗

P r
∗βQ

s =
∑

i

(
pn + (p − 1)(s − r)− 1

r − pi

)
βQs−r+iP i

∗

−
∑

i

(
pn + (p − 1)(s − r)− 1

r − pi − 1

)
Qs−r+iP i

∗β

for any large enough n.
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The Dyer-Lashof algebra
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